Juan Andrés Cabral

Bernoulli differential equation

Given the following Bernoulli equation:

dy 1 1
toy=——v
r oz x
a) Transform the equation into a linear one.
b) Solve the linear differential equation.
c¢) Find the general solution y(z).
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Solution

Given the following Bernoulli equation:
dy 1 1,
V=Y
T x

a) Transform the equation into a linear one
The given equation is a Bernoulli equation of the form:

dy
“Z.p - n
X+ Py = Q)y
where P(z) = 1, Q(z) = -1, and n = 2.
To transform the equation into a linear one, we make the variable change:

v = ylfn — yfl
We differentiate v with respect to x:
dv _ody _
— =y 27:—2/ Qy/
dx dx
We divide the original equation by %2
—1 1
yy el ==
x T
Substituting v and v’ in the original equation:
;U 1
-+ —=—=
x x
Rearranging:
, v 1
v— — ==
A

This is a linear equation in terms of v.

b) Solve the differential equation

Let v = u - w, where v' = v'w + w'u. Substituting:

, , uUw 1
Uw+wu— — = —
T x
Rearranging:
1
wu' — =) —w'u= =
x x
We solve two separate equations:
—w'u = —
and u
w—==0
x
u
du = —dx
x
du dx
u x
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We substitute into the other equation and solve:

—w'z = —
T

1
—dw = —dx

22
—w=—2x'+C
w=zt+C

The result is:
v= (' +C)r=1+2zC

yl=14+zC
c) Find the general solution y(x)
Solving for y:
1
.7/ - 1 + (jl

where C' is an arbitrary constant of integration.
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